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Extending finite subgroup schemes of semi-stable abelian
varieties via log abelian varieties
Heer Zhao
Abstract. For a semi-stable abelian variety AK over a complete discrete
valuation field K, we show that every finite subgroup scheme of AK extends
to a log finite flat group scheme over the valuation ring of K endowed with
the canonical log structure. To achieve this, we first prove that every weak
log abelian variety over an fs log scheme with its underlying scheme locally
noetherian, is a sheaf for the Kummer flat topology, which answers a question
of Chikara Nakayama. We also give several equivalent conditions defining
isogenies of log abelian varieties.
Introduction
As stated in [KKN08a], degenerating abelian varieties can not preserve group
structure, properness, and smoothness at the same time. Log abelian variety is a
construction aimed to make the impossible possible in the world of log geometry.
The idea dates back to Kazuya Kato’s construction of log Tate curve in [Kat89,
Sec. 2.2], in which he also conjectured the existence of a general theory of log
abelian varieties. The theory finally comes true in [KKN08b] and [KKN08a],
and has been further developed in [KKN13] and [KKN15].
Log abelian varieties are defined as certain sheaves of abelian groups on (fs/S)e´t,
see [KKN08a, Def. 4.1]. Weak log abelian varieties are defined in [KKN15, 1.6] as
generalisations of log abelian varieties, and they are also sheaves of abelian groups
on (fs/S)e´t. It is natural to expect that weak log abelian varieties are also sheaves
for the classical flat topology, the Kummer e´tale topology, and the Kummer flat
topology. In fact, the case for the Kummer e´tale topology has been proven, see
[KKN15, Thm. 5.1]. Weak log abelian varieties with constant degeneration (see
[KKN15, 1.7]) are special cases of weak log abelian varieties, and they are sheaves
for the Kummer flat topology by [Zha17, Thm. 2.1 (1)]. In the first section, we
prove that weak log abelian varieties are sheaves for the Kummer flat topology, see
Theorem 1.1.
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After knowing that log abelian varieties are sheaves for the Kummer flat topol-
ogy, we study isogenies of log abelian varieties in the second section. We give several
equivalent descriptions of isogeny, see Proposition 2.1.
As mentioned in the beginning of [Kat89], a finite subgroup scheme of a semi-
stable abelian variety AK over a complete discrete valuation field K, does not
necessarily extend to a finite flat group scheme over the corresponding valuation
ring R. Again we can make the impossible possible in the world of log geometry. In
the last section, we show that every finite subgroup scheme of a semi-stable abelian
variety over K can always be extended to a log finite flat group scheme over S,
where S denotes SpecR endowed with the canonical log structure, see Theorem
3.2. A key tool is an equivalence of categories between semi-stable abelian varieties
over K and log abelian varieties over S due to Takeshi Kajiwara, Kazuya Kato and
Chikara Nakayama, see [KKN15, 13.4].
Notation and conventions
Let S be an fs log scheme with its underlying scheme locally noetherian, we
denote by (fs/S) the category of fs log schemes over S, and denote by (fs/S)e´t (resp.
(fs/S)ke´t, resp. (fs/S)fl, resp. (fs/S)kfl) the classical e´tale site (resp. Kummer e´tale
site, resp. classical flat site, resp. Kummer flat site) on (fs/S). In order to shorten
formulas, we will mostly abbreviate (fs/S)e´t (resp. (fs/S)ke´t, resp. (fs/S)fl, resp.
(fs/S)kfl) as Se´t (resp. Ske´t, resp. Sfl, resp. Skfl). We refer to [Ill02, 2.5] for the
classical e´tale site and the Kummer e´tale site, and [Kat91, Def. 2.3] and [Niz08,
§2.1] for the Kummer flat site. The definition of the classical flat site is an obvious
analogue of that of the classical e´tale site. Then we have two natural “forgetful”
map of sites:
(0.1) εe´t : (fs/S)ke´t → (fs/S)e´t
and
(0.2) εfl : (fs/S)kfl → (fs/S)fl.
We also have a natural map of sites
(0.3) m : (fs/S)fl → (fs/S)e´t.
Let
(0.4) δ : (fs/S)kfl → (fs/S)e´t
be the composition of m and εfl.
Kato’s multiplicative group (or the log multiplicative group) Gm,log is the sheaf
on Se´t defined by Gm,log(U) = Γ(U,M
gp
U ) for any U ∈ (fs/S), where MU denotes
the log structure of U and MgpU denotes the group envelope of MU . The Kummer
e´tale sheaf Gm,log is also a sheaf on Skfl, see [Niz08, Cor. 2.22] for a proof.
By convention, for any sheaf of abelian groups F on Skfl and a subgroup sheaf
G of F on Skfl, we denote by (F/G)Se´t the quotient sheaf on Se´t, while F/G denotes
the quotient sheaf on Skfl. We abbreviate the quotient sheaf Gm,log/Gm on Skfl as
Gm,log.
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1. Weak log abelian varieties are kfl sheaves
Let A be a weak log abelian variety over S. The main result of this section is
the following theorem.
Theorem 1.1. The weak log abelian variety A is a sheaf with respect to the
Kummer flat topology.
Firstly by the definition in [KKN15, 1.6], e´tale locally on S, there is a semi-
abelian scheme G over S, finitely generated free Z-modules X and Y , an admissible
pairing
(1.1) 〈, 〉 : X × Y → (Gm,log/Gm)Se´t
on Se´t = (fs/S)e´t, and an exact sequence
(1.2) 0→ G→ A→ Qe´t/Y → 0
on Se´t with Qe´t := HomSe´t(X, (Gm,log/Gm)Se´t)
(Y ) and Y the image of Y inside
Qe´t. As explained in [KKN08a, 9.2, 9.3] and [KKN15, 1.7], G and the pairing
X × Y → (Gm,log/Gm)et induced from (1.1) exist globally. We call G the semi-
abelian part of A, and Qe´t/Y the discrete part of A.
For the proof of Theorem 1.1, we may assume that we are in the situation in
[KKN15, 2.4], i.e. the pairing 〈, 〉 exists globally. Let A˜ be as defined in [KKN15,
2.4], then we have a commutative diagram
(1.3) 0

0

Y

Y

0 // G // A˜ //

Qe´t //

0
0 // G // A //

Qe´t/Y //

0
0 0
on Se´t with exact rows and columns.
Lemma 1.1. We have that A˜ is a sheaf for the Kummer flat topology.
Proof. The argument is almost identical to the part of [KKN15, 5.3], which
shows that A˜ is a sheaf for the Kummer e´tale topology.
To show A˜ is a sheaf for the Kummer flat topology, it amounts to showing that
the canonical homomorphism A˜→ δ∗δ−1A˜ coming from the adjunction (δ−1, δ∗) is
an isomorphism.
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Applying the adjunction (δ−1, δ∗) to the short exact sequence
0→ G→ A˜→ Qe´t → 0,
we get the following commutative diagram
0 // G //
α

A˜ //
β

Qe´t //
γ

0
0 // δ∗δ
−1G // δ∗δ
−1A˜
θ
// δ∗δ
−1Qe´t
with exact rows. SinceG is a group scheme, α is an isomorphism by [KKN15, Thm.
5.2]. By [Zha17, Lem. 2.3], γ is identical to the canonical injectionQe´t → Qe´t⊗ZQ.
It follows that β is injective. We are reduced to show the surjectivity of β. It suffices
to show that the image of θ lands in the image of γ. Since the surjectivity of a
morphism of e´tale sheaves can be checked stalkwise, and the formations of Qe´t and
Qe´t ⊗Z Q are compatible with strict base change, we may assume that the base is
a log point. Then we are reduced to show the surjectivity of β for the case that A
has constant reduction. Moreover we may assume that we are in the situation of
[KKN15, 2.5]. Then by [KKN15, Thm. 4.1], the ∆-part A˜(∆) of A˜ is represented
by an fs log scheme for any finitely generated subcone ∆ of C (for the notation C
and A˜(∆), see [KKN15, Thm. 4.1]). Hence A˜(∆) is a sheaf for the Kummer flat
topology by [KKN15, Thm. 5.2]. Since A˜ is the union of A˜(∆) with ∆ running
over the set of all finitely generated subcones of C, it is a sheaf for the Kummer
flat topology. In particular β : A˜→ δ∗δ−1A˜ is surjective. 
Since A˜ is a sheaf with respect to the Kummer flat topology, we can identify
δ∗δ
−1A˜ with A˜ canonically.
Lemma 1.2. The sheaf Y on Se´t is also a sheaf for the Kummer flat topology.
Proof. It suffices to show that the canonical map Y → δ∗δ−1Y is an isomor-
phism. This is a local problem, and we may assume that the underlying scheme
of S is noetherian. Since Y is a constructible sheaf on Se´t, there exists a shortest
chain of closed subschemes
(1.4) ∅ = S0 ( S1 ( · · · ( Sn = S
such that the restriction of Y to Ui := Si−Si−1 is locally constant for i = 1, · · · , n.
We use induction on n now.
If n = 1, then Y is locally constant. Let f : S′ → S be a strict e´tale cover, i.e.
f is an e´tale cover of schemes and the log structure of S′ is induced from that of S,
such that the restriction of Y to S′ is constant. And let fe´t : (fs/S
′)e´t → (fs/S)e´t be
the map of sites induced by f . To show that the canonical map Y → δ∗δ−1Y is an
isomorphism, it suffices to show that its restriction f−1e´t Y → f
−1
e´t δ∗δ
−1Y to (fs/S′)e´t
is an isomorphism. By an easy computation, the map f−1e´t Y → f
−1
e´t δ∗δ
−1Y can be
identified with the canonical map f−1e´t Y → δ∗δ
−1f−1e´t Y . The constant sheaf f
−1
e´t Y
is representable by a group scheme, hence f−1e´t Y → δ∗δ
−1f−1e´t Y is an isomorphism
by [KKN15, Thm. 5.2].
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Now we assume n > 1. Let je´t (resp. jkfl) be the canonical map (fs/Un)e´t →
(fs/Sn)e´t (resp. (fs/Un)kfl → (fs/Sn)kfl) induced by the open immersion Un →
Sn, and let ie´t (resp. ikfl) be the canonical map (fs/Sn−1)e´t → (fs/Sn)e´t (resp.
(fs/Sn−1)kfl → (fs/Sn)kfl) induced by the closed immersion Sn−1 → Sn. By induc-
tion the e´tale sheaf i−1e´t Y is also a sheaf on (fs/Sn−1)kfl. We have a short exact
sequence
0→ je´t!j
−1
e´t Y → Y → ie´t∗i
−1
e´t Y → 0.
For the existence of the left adjoint functor je´t! (resp. jkfl!) of j
−1
e´t (resp. j
−1
kfl ), we
refer to [Sta17, Tag 00XZ]. Applying the adjoint functors δ−1 and δ∗ to the above
short exact sequence, we get the following commutative diagram
(1.5) 0 // je´t!j
−1
e´t Y
//
α

Y //

ie´t∗i
−1
e´t Y
//

0
0 // δ∗δ
−1je´t!j
−1
e´t Y
// δ∗δ
−1Y // δ∗δ
−1ie´t∗i
−1
e´t Y
with exact rows, where the vertical maps are given by the adjunction (δ−1, δ∗). To
show that the vertical map in the middle is an isomorphism, we are reduced to
show that the left and the right vertical maps are both isomorphisms.
Claim: Both the domain and the target of α are supported over Un.
Proof of Claim: The domain of α is clearly supported over Un. We show that the
target of α is also supported over Un. For simplification of notation, we denote
je´t!j
−1
e´t Y by F . It suffices to show that for each U ∈ (fs/S), the restriction of
δ∗δ
−1F to the small e´tale site of U has trivial stalk at any u ∈ U which does not lie
over Un. Let x be an element of the stalk at u, and suppose that x is represented
by a section s ∈ δ−1F (V ) for some e´tale neighborhood V → U, v 7→ u of u. By
[Sta17, Tag 00WK], there exists a Kummer flat cover p : V ′ → V , such that s
is represented by a section s′ of F (V ′) which satisfies that p∗1(s
′) and p∗2(s
′) agree
over some Kummer flat cover V ′′ of V ′×V V
′, where p1 (resp. p2) is the projection
from V ′ ×V V ′ to its first (resp. second) factor. We are going to shrink V and V ′
so that p remains a Kummer flat cover and s′ becomes zero after shrinking.
Let v′ ∈ V ′ be a preimage of v ∈ V . Since V ′ is clearly not over Un, the
section s′ becomes zero after restricting to some open neighborhood W ′ of v′ in
V ′. Since the underlying map of schemes of the Kummer flat cover V ′ → V is
open by Lemma A.1, W := p(W ′) is an open subscheme of V . We regard W (resp.
W ′) as a log scheme with the induced log structure from V (resp. V ′). Since
log flat morphisms and Kummer morphisms are stable under compositions, the
morphism p |W ′ : W ′ → W is both log flat and Kummer. By [Sta17, Tag 01TQ],
the morphism p |W ′ : W ′ → W is locally of finite presentation. It follows that
p |W ′ :W ′ →W is a Kummer flat cover. Note thatW is also an e´tale neighborhood
of u ∈ U . It follows that x can also be represented by s′ |W ′= 0, hence x = 0. This
finishes the proof of the claim. 
Now we get back to the proof of Lemma 1.2. By the above claim, to show
that α is an isomorphism, it suffices to check that the restriction of α to Un is an
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isomorphism. The map
j−1e´t (α) : j
−1
e´t (je´t!j
−1
e´t Y )→ j
−1
e´t (δ∗δ
−1je´t!j
−1
e´t Y )
can be identified with the canonical map
j−1e´t (je´t!j
−1
e´t Y )→ δ∗δ
−1j−1e´t (je´t!j
−1
e´t Y ).
By [Sta17, Tag 00Y2], the sheaf j−1e´t (je´t!j
−1
e´t Y ) = (j
−1
e´t je´t!)j
−1
e´t Y is canonically
identified with the sheaf j−1e´t Y . Hence the map j
−1
e´t (α) can be further identified
with the canonical map j−1e´t Y → δ∗δ
−1j−1e´t Y . The later is an isomorphism by the
case n = 1. It follows that the left vertical map of (1.5) is an isomorphism.
Since i−1e´t Y is a sheaf for the Kummer flat topology, so is the e´tale sheaf
ie´t∗i
−1
e´t Y . Hence the right vertical map of (1.5) is an isomorphism. 
Corollary 1.1. Let the notation be as in the proof of Lemma 1.2, then we
have a canonical short exact sequence
0→ jkfl!j
−1
kfl Y → Y → ikfl∗i
−1
kfl Y → 0
of sheaves of abelian groups on Skfl.
Proof. By the proof of Lemma 1.2, we have a short exact sequence
0→ je´t!j
−1
e´t Y → Y → ie´t∗i
−1
e´t Y → 0
of sheaves of abelian groups on (fs/S)kfl. Since we have je´t!j
−1
e´t Y = jkfl!j
−1
kfl Y and
ie´t∗i
−1
e´t Y = ikfl∗i
−1
kfl Y , the result follows. 
Applying the adjoint functors δ−1 and δ∗ to the short exact sequence
0→ Y → A˜→ A→ 0,
we get the following commutative diagram
(1.6) 0 // Y // A˜ // A //

0
0 // Y // A˜ // δ∗δ
−1A // R1δ∗Y
with exact rows, where the vertical maps are given by the adjunction (δ−1, δ∗). In
order to prove Theorem 1.1, it is enough to show R1δ∗Y = 0.
Lemma 1.3. The sheaf R1δ∗Y is zero.
Proof. We proceed by induction on n, with n as in (1.4). Let the notation
be as in the proof of Lemma 1.2. The short exact sequence
0→ jkfl!j
−1
kfl Y → Y → ikfl∗i
−1
kfl Y → 0
induces an exact sequence
(1.7) R1δ∗jkfl!j
−1
kfl Y → R
1δ∗Y → R
1δ∗ikfl∗i
−1
kfl Y .
In the proof of Lemma 1.2, we have seen that the sheaf jkfl!j
−1
kfl Y = je´t!j
−1
e´t Y is
represented by an e´tale group scheme over S. Then the argument from [Zha17,
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Lem. 2.4] also works for jkfl!j
−1
kfl Y , hence we have R
1δ∗jkfl!j
−1
kfl Y = 0. We are left
with proving that R1δ∗ikfl∗i
−1
kfl Y is zero.
The Leray spectral sequences for δ∗ikfl∗ and ie´t∗δ∗ give us the following diagram
0 // R1δ∗ikfl∗i
−1
kfl Y
// R1(δikfl)∗i
−1
kfl Y
0 // R1ie´t∗δ∗i
−1
kfl Y
// R1(ie´tδ)∗i
−1
kfl Y
// ie´t∗R
1δ∗i
−1
kfl Y
with exact rows. Since i is a closed immersion, the functor ie´t∗ has trivial higher
derived functors. The sheaf R1δ∗i
−1
kfl Y is zero by the induction hypothesis, so is the
sheaf R1(ie´tδ)∗i
−1
kfl Y . It follows that the sheaf R
1δ∗ikfl∗i
−1
kfl Y is zero. 
By Lemma 1.3 and the diagram (1.6), we conclude Theorem 1.1.
Since A is a sheaf on Skfl by Theorem 1.1, we can ask what the quotient of A
by G on Skfl is, or equivalently, how the pull-back of the short exact sequence (1.2)
to Skfl looks like.
Proposition 1.1. Let Q be HomSkfl(X,Gm,log)
(Y ). Then the pullback of the
sheaf Qe´t/Y on Se´t to Skfl is canonically identified with Q/Y . Hence we have a
canonical exact sequence
(1.8) 0→ G→ A→ Q/Y → 0
on Skfl. We also call Q/Y the discrete part of A.
Proof. By [KKN15, Thm. 5.2], G is a sheaf on Skfl. By [Zha17, Lem. 2.3],
we have δ−1Qe´t = Q. By Lemma 1.1 (resp. Lemma 1.2, resp. Theorem 1.1), A˜
(resp. Y , resp. A) is a sheaf on Skfl. Hence the pull-back of (1.3) to Skfl gives rise
to a commutative diagram
(1.9) 0

0

Y

Y

0 // G // A˜ //

Q //

0
0 // G // A //

δ−1(Qe´t/Y ) //

0
0 0
with exact rows and columns. It follows that δ−1(Qe´t/Y ) = Q/Y , and we have a
short exact sequence 0→ G→ A→ Q/Y → 0 on Skfl. 
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2. Isogenies of log abelian varieties
First of all, we recall the definitions of certain finite group objects on the site
Skfl. They are needed for defining isogenies of log abelian varieties, in the same way
as finite flat group schemes are needed for defining isogenies of abelian schemes.
The theory of log finite flat group schemes is due to Kazuya Kato, and we refer to
[Zha17, Appendix] for a brief summary and detailed references.
Definition 2.1. The category (fin/S)c is the full subcategory of the category of
sheaves of finite abelian groups on Skfl consisting of objects which are representable
by a classical finite flat group scheme over S. Here “classical” means that the log
structure of the representing log scheme is the one induced from S.
The category (fin/S)f is the full subcategory of the category of sheaves of finite
abelian groups on Skfl consisting of objects which are representable by a classical
finite flat group scheme over a log flat cover of S. Let F ∈ (fin/S)f , let U → S be
a log flat cover of S such that FU := F ×S U ∈ (fin/S)c, the rank of F is defined
to be the rank of FU over U .
The category (fin/S)r is the full subcategory of (fin/S)f consisting of objects
which are representable by a log scheme over S. We call an object of (fin/S)r a log
finite flat group scheme over S.
The category (fin/S)d is the full subcategory of (fin/S)r consisting of objects
whose Cartier duals also lie in (fin/S)r.
Now we are ready to define isogenies of log abelian varieties.
Definition 2.2. Let f : A → A′ be a homomorphism of log abelian varieties
over S. We call f an isogeny of log abelian varieties, if kerf ∈ (fin/S)r and f is
surjective.
Isogenies of abelian varieties can be described by several equivalent conditions.
We will give equivalent descriptions of isogenies of log abelian varieties. We need a
lemma first.
Lemma 2.1. Let f : A → A′ be a homomorphism of log abelian varieties over
S. Let G (resp. G′) be the semi-abelian part of A (resp. A′), Qe´t/Y (resp. Q
′
e´t/Y
′
)
the discrete part of A (resp. A′) on Se´t, and Q/Y (resp. Q
′/Y
′
) the discrete part
of A (resp. A′) on Skfl. Then we have a canonical commutative diagram
(2.1) 0 // G //
fc

A //
f

Qe´t/Y //
fe´t,d

0
0 // G′ // A′ // Q′e´t/Y
′
// 0
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with exact rows on Se´t, and a canonical commutative diagram
(2.2) 0 // G //
fc

A //
f

Q/Y //
fd

0
0 // G′ // A′ // Q′/Y
′
// 0
with exact rows on Skfl. And the homomorphism fd is just the sheafification of
fe´t,d. We call fc the connected (or semi-abelian) part of f , and fe´t,d (resp. fd) the
discrete part of f on Se´t (resp. Skfl).
Proof. By [KKN08a, 9.2], we have HomSe´t(G,Q
′
e´t/Y
′
) = 0. Then diagram
(2.1) follows. To achieve diagram (2.2), it suffices to show that HomSkfl(G,Q
′/Y
′
) =
0. By Lemma 1.3 and [Zha17, Lem. 2.3], we have
δ∗(Q
′/Y
′
) = δ∗Q
′/Y
′
= (Q′e´t ⊗Z Q)/Y
′
.
It follows then
HomSkfl(G,Q
′/Y
′
) = HomSe´t(G, δ∗(Q
′/Y
′
)) = HomSe´t(G, (Q
′
e´t ⊗Z Q)/Y
′
).
The argument of [KKN08a, 9.2] also implies HomSe´t(G, (Q
′
e´t⊗ZQ)/Y
′
) = 0. Hence
we get HomSkfl(G,Q
′/Y
′
) = 0, which finishes the proof.

Proposition 2.1. Suppose that the underlying scheme of S is connected. Let
f : A → A′ be a homomorphism of log abelian varieties over S. Consider the
following statements.
(1) f is an isogeny.
(2) kerf ∈ (fin/S)f and f is surjective.
(3) kerf ∈ (fin/S)r and dimA = dimA′.
(4) f is surjective and dimA = dimA′.
Then we have (1)⇔ (2)⇔ (3)⇒ (4).
Proof. Apparently we have (1) ⇒ (2). Conversely, kerf ∈ (fin/S)f implies
that kerf = ker(A[n]
f
−→ A′[n]) for some positive integer n. Then we get kerf ∈
(fin/S)r by [KKN15, Prop. 18.1. (1)]. Hence we get (2)⇒ (1).
Now we suppose that f is an isogeny. Then the base change fs¯ of f to (fs/s¯) is
an isogeny for any s ∈ S. Let G (resp. G′) be the semi-abelian part of A (resp. A′),
and let fc : G→ G′ be the connected part of f . By [Zha17, Prop. 3.3], fc,s¯ is an
isogeny for any s ∈ S. Then fc is flat by fibral flatness criterion, and quasi-finite.
Hence we have dimA = dimG = dimG′ = dimA′. This shows (3)⇐ (1)⇒ (4).
Lastly, we show (3) ⇒ (1). By [Zha17, prop. 3.3], fc,s¯ is an isogeny for any
s ∈ S. Then we have that fc is faithfully flat, hence it is surjective. Let fd be the
discrete part of f . To show the surjectivity of f , it suffices to show the surjectivity
of fd by the diagram (2.2). The surjectivity of fd is a local problem, hence we may
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assume that the underlying scheme of S is noetherian and the discrete parts of A
and A′ come from admissible pairings
〈, 〉 : X × Y → (Gm,log/Gm)Se´t
and
〈, 〉′ : X ′ × Y ′ → (Gm,log/Gm)Se´t
respectively. By [KKN08a, Thm. 7.6], the homomorphism fe´t,d comes from a pair
(u, v) of homomorphisms u : X
′
→ X, v : Y → Y
′
such that 〈u(x′), y〉 = 〈x′, v(y)〉′
for any x′ ∈ X
′
, y ∈ Y , where X, Y , X
′
and Y
′
are as in [KKN08a, Thm. 7.6].
Since fd is the sheafification of fe´t,d, it also comes from (u, v). For any s ∈ S, fc,s¯
being isogeny implies that us¯ is injective of finite cokernel. Since both X and X
′
are constructible sheaves on the small e´tale site of S, and the underlying scheme
of S is noetherian, the homomorphism u has to be injective with cokernel killed
by some positive integer. By [Zha17, Lem. 2.3], we have δ∗Q = Qe´t ⊗Z Q and
δ∗Q
′ = Q′e´t⊗ZQ. It follows that Q → Q
′ is an isomorphism, hence fd is surjective.
This finishes the proof. 
Corollary 2.1. Let A be a log abelian variety over S, n a positive integer.
Then the multiplication by n map nA : A→ A is an isogeny.
Proof. The kernel A[n] of nA lies in (fin/S)r by [KKN15, Prop. 18.1. (1)].
Hence nA is an isogeny by the equivalence (1)⇔ (3) of Proposition 2.1. 
3. Extending finite subgroup schemes of semi-stable abelian varieties
From now on, we assume that S = SpecR with R a complete discrete valuation
ring. Let K be the fraction field of R, pi a chosen uniformiser, and k the residue
field of R. We regard S as an fs log scheme with respect to the canonical log
structure, i.e. the log structure associated to N → R, 1 7→ pi. Let LAVS be the
category of log abelian varieties over S, and AVSStK the category of abelian varieties
with semi-stable reduction over K. Taking the generic fiber gives rise to a functor
(−)K : LAVS → AV
SSt
K .
We have the following beautiful theorem by [KKN15, 13.4].
Theorem 3.1. The functor
(−)K : LAVS → AV
SSt
K
is an equivalence of categories.
Remark 3.1. Theorem 3.1 is a special case of one of the equivalences of cate-
gories stated in [KKN15, 13.4]. The authors will give the proof in a sequel of their
series of papers on log abelian varieties. A proof for the split totally degenerate
case of Theorem 3.1 can be found in [Zha], and the inverse functor to (−)K is
called the degeneration functor there.
As mentioned at the beginning of [Kat89], a finite subgroup scheme of AK ∈
AVSStK does not necessarily extend to a finite flat group scheme over S. However,
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we can make the impossible possible if we use log finite flat group schemes instead
of finite flat group schemes.
Proposition 3.1. Let fK : AK → A′K be an isogeny in AV
SSt
K . Then f extends
to an isogeny f : A→ A′ of log abelian varieties over S, where A and A′ are the log
abelian varieties corresponding to AK and A
′
K respectively under the equivalence of
Theorem 3.1.
Proof. Since fK is an isogeny, there exists another isogeny gK : A
′
K → AK
such that gK ◦ fK = nAK and fK ◦ gK = nA′K for some positive integer n. By
the equivalence of categories of Theorem 3.1, the homomorphism fK (resp. gK)
extends to a homomorphism f : A → A′ (resp. g : A′ → A). And we still have
g ◦ f = nA and f ◦ g = nA′ . The kernel-cokernel exact sequence gives rise to two
exact sequences
coker(g)→ coker(nA′)→ coker(f)→ 0
and
0→ ker(f)→ A[n]→ ker(g)→ coker(f).
The homomorphisms nA′ and nA are both isogenies by Corollary 2.1, hence we have
coker(nA′) = coker(nA) = 0 and A[n], A
′[n] ∈ (fin/S)r. Then we have coker(f) = 0
and a short exact sequence
(3.1) 0→ ker(f)→ A[n]→ ker(g)→ 0.
In order to show that f is an isogeny, we are reduced to show ker(f) ∈ (fin/S)f by
Proposition 2.1. This is a local problem for the Kummer flat topology, hence we
may assume A[n], A′[n] ∈ (fin/S)c without loss of generality. Since both A[n] and
A′[n] are finite over S, the homomorphism A[n]
f
−→ A′[n] is automatically finite.
Hence ker(f) is a classical finite group scheme over S. We are left with showing
that ker(f) is flat over S.
Suppose that ker(f) = SpecB1, A[n] = SpecB2 and ker(g) = SpecB3. It
suffices to show that B1 is a free R-module. Note that ker(g) is finite over S by
the same argument as for ker(f). Let r1 (resp. r3) be the R-rank of the free part
of B1 (resp. B3), and t1 (resp. t3) the length of the torsion part of B1 (resp.
B3). The R-module B2 is free, let r2 be the R-rank of B2. The base change of
the short exact sequence (3.1) to the closed point of S remains exact, hence we get
r2 = (r1 + t1) + (r3 + t3). The base change of the short exact sequence (3.1) to
the generic point of S remains exact, hence we get r2 = r1 + r3. It follows that
t1 = t3 = 0 and B1 is a free module of rank r1 over R. This finishes the proof. 
Theorem 3.2. Let AK be a semi-stable abelian variety over K, and FK a
finite subgroup scheme of AK . Let A be the log abelian variety over S extending
AK guaranteed by Theorem 3.1. Then FK extends to a log finite flat group scheme
F over S, which is a subgroup sheaf of A. Moreover the quotient A/F is a log
abelian variety over S.
Proof. Let A′K be the abelian variety AK/FK , then we get an isogeny fK :
AK → A′K of abelian varieties. By Proposition 3.1, fK extends to an isogeny
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f : A → A′ of log abelian varieties over S. Then F := ker(f) is a log finite
flat group scheme over S whose generic fiber is FK . Apparently we have that the
quotient A/F is the log abelian variety A′. 
The following corollary is well-known. Using the theory of log abelian variety,
we can give a new proof to this result.
Corollary 3.1. Let the notation be as in Theorem 3.2. Assume that the order
of FK is invertible in R. Then FK is tamely ramified.
Proof. By Theorem 3.2, FK extends to F ∈ (fin/S)r. Let
0→ F ◦ → F → F e´t → 0
be the connected-e´tale sequence of F , see [Zha17, Lem. A.1]. Since the order of
FK is invertible in R, the connected part F
◦ is trivial. Hence F = F e´t is locally
constant for the Kummer flat topology. By [Zha17, Thm. A.2], F is already locally
constant for the Kummer e´tale topology. Hence there exists a finite Kummer e´tale
cover S′ := SpecR′ of S such that FS′ := F ×S S′ is constant, where R′ is a tamely
ramified extension of R and S′ is endowed with the canonical log structure. It
follows that FK is tamely ramified. 
Appendix A. Kummer flat covers are open
The theory of Kummer flat topology is developed by Kazuya Kato in his
preprint [Kat91]. We refer to the published papers [Niz08] and [INT13] for
Kummer flat topology. Unfortunately to the author’s knowledge, the result of
Lemma A.1, which we have used in the proof of Lemma 1.2, is only available in the
preprint [Kat91]. For this reason, we present a proof of Lemma A.1 by modifying
the proof of [Ill02, Cor. 3.7], which concerns Kummer e´tale covers.
Lemma A.1. Let f : X → Y be a map of fs log schemes. Assume that f is
Kummer log flat, see [Niz08, Def. 2.13], and the underlying map of schemes of f
is locally of finite presentation. Then the underlying map of schemes of f is open.
Proof. The property of being open for a map of schemes is local for the
classical flat topology. Hence without loss of generality, we may assume that the
Kummer log flat morphism f admits a global chart (P →MX , Q→MY , Q
u
−→ P ),
such that:
(1) u is a homomorphism of fs monoids of Kummer type, with ugp : Qgp → P gp
injective;
(2) the morphism α in the following commutative diagram
X
f
((
α
''P
P
P
P
P
P
P
P
P
P
P
P
P
((
Y ×SpecZ[Q] SpecZ[P ] //
β

SpecZ[P ]
γ

Y // SpecZ[Q]
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induced by the chart, is classically flat.
Since γ is clearly of finite presentation, β is of finite presentation. Since f is locally
of finite presentation, we have that α is locally of finite presentation by [Sta17,
Tag 02FV]. It follows that α is an open map of schemes by [Sta17, Tag 01UA]. To
show that f is open, it suffices to show that β is open.
The morphism γ is clearly a finite map, hence so is β. It follows that β is a closed
map. Since Z[Q] → Z[P ] is both injective and finite, the map γ is surjective. It
follows that β is surjective. Hence the closed surjective map β realizes the topology
of Y as the quotient topology of the topology of X ′ := Y ×SpecZ[Q] SpecZ[P ]. Let
U be an open subset of X ′. To show that β(U) is open, it suffices to show that
β−1(β(U)) is open.
Let G be the group scheme SpecZ[P gp/Qgp] over SpecZ endowed with the
trivial log structure. The group scheme G acts on X ′ over Y by
OX′ = OY ⊗Z[Q] Z[P ]→ OG×Spec ZX′ = OY ⊗Z[Q] Z[P
gp/Qgp ⊕ P ]
1⊗ a 7→ 1⊗ (a mod Qgp, a), for a ∈ P.
Let (P ⊕Q P )fs denote the amalgamated sum of P
u
←− Q
u
−→ P in the category of fs
monoids, then we have
(A.1) (P ⊕Q P )
fs ∼=−→ P gp/Qgp ⊕ P, (a, b) 7→ (b¯, a+ b)
by [Ill02, Lem. 3.3]. The isomorphism (A.1) induces an isomorphism
(A.2) G×SpecZ X
′
∼=
−→ X ′ ×Y X
′,
which is nothing but the map (g, x) 7→ (x, gx). By Nakayama’s fourth point Lemma,
see [Ill02, Lem. 2.2], we have β−1(β(U)) = pr2(pr
−1
1 (U)), where pr1 (resp. pr2) de-
notes the first (resp. second) projection of X ′×Y X
′ toX ′. Taking the isomorphism
A.2 into account, β−1(β(U)) is further identified with the image of G×SpecZ U un-
der the action morphism G×SpecZ X ′ → X ′. Since the structure morphism of the
group scheme G over SpecZ is a classical flat cover, the projection to the second
factor G×SpecZ X ′ → X ′ is also a classical flat cover. Since
G×SpecZ X
′
∼=
−→ G×SpecZ X
′, (g, x) 7→ (g, gx),
the action morphism G×SpecZ X ′ → X ′ is also a classical flat cover. In particular,
the action morphism G ×SpecZ X
′ → X ′ is open, hence β−1(β(U)) is open. This
finishes the proof. 
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